Introduction.
The aim of the present paper is to give an explicit description of the algebraically irreducible representations of L 1 (G), where G is a connected, simply connected, exponential, solvable Lie group. These representations have first been studied by D. Poguntke in 1983 ([Po2] ). The method of Poguntke which has been adapted and used in ([LuMo2] ), is an important ingredient in the present paper, as we shall see later with more details. But first we have to recall the following definitions: We say that (T, V) is a representation of L 1 (G), if V is a vector space, L(V) the space of all linear operators on V and
an algebra homomorphism. Moreover (T, V) is said to be algebraically irreducible if V has no nontrivial invariant subspaces for the action of L 1 (G) under T . In that case we also say that V is a simple L 1 (G)-module. If V is a topological vector space, we require moreover the action of L 1 (G) on V to be strongly continuous. In that case we say that (T, V) is a topologically irreducible representation of L 1 (G), if V has no nontrivial closed invariant subspaces. As in the general theory, we can always assume for any representation (T, V) of L 1 (G) that V is a Banach space and that the representation (T, V) is bounded (see [BoDu] ). Assume that (T, V) is a topologically irreducible representation on a Banach space and that there exists f ∈ L 1 (G) such that T (f ) is a nonzero operator of finite rank. Consider
Then V 0 = {0} and the restriction of T to V 0 , (T | V 0 , V 0 ), is a simple L 1 (G)-module ([Wa] ). We shall see that in our situation all the simple L 1 (G)-modules are obtained in that way (up to equivalence) and we shall give a precise description of the representations (T, V) to consider.
The previous definitions and results may of course be given for an arbitrary Banach algebra A instead of L 1 (G). Moreover the representations of L 1 (G) may be considered as the integrated forms of bounded representations of the group G. In fact, recall that (T, V) is said to be a representation of the group G if T is a group homomorphism of G into the general linear group of V. This representation is said to be bounded if sup x∈G T (x) < ∞, where T (x) is the operator norm of T (x). For such a representation of G, we get a representation of L 1 (G) by T (f ) = G f (x)T (x)dx, ∀f ∈ L 1 (G).
A representation π of G, resp. L 1 (G) on a Hilbert space H π is said to be unitary, if π(x −1 ) = π(x) * , resp. π(f * ) = π(f ) * for all x ∈ G, resp. f ∈ L 1 (G). Recall that the unitary topologically irreducible representations π of a solvable exponential Lie group G = exp g may be described as induced representations. There exist l ∈ g * and a Pukanszky polarization p ⊂ g at l such that π = ind G P χ l (up to unitary equivalence), where P = exp p and χ l (exp X) = e −i l,X for all X ∈ p ( [LeLu] ). The set of equivalence classes of topologically irreducible unitary representations of G is noted byĜ.
If G is a connected, simply connected nilpotent Lie group, then all the simple L 1 (G)-modules are equivalent to a module of the form (π| H 0 π , H 0 π ), where π ∈Ĝ and
The same remains true for L 1 (G, ω), where G is a connected, simply connected, nilpotent Lie group and ω is a polynomial weight on G ([MiMo] N ) , where N = exp n and n is the nilradical of g. We shall write ker L 1 (N ) T for the corresponding kernel in L 1 (N ). This kernel is of the form ker(G · τ ), where τ ∈N is the representation induced from a character χ q defined by a linear form q ∈ n * . Let l ∈ g * such that l| n = q. The method of Poguntke ([Po2]) which has been adapted and used for the description of topologically irreducible representations in ( [LuMo2] ) consists in constructing an algebra of the type L 1 (R n , ω), where ω is an exponential weight in general, uniquely determined by the given simple module (T, V) and where
is the stabilizer of l in g. Then one shows that the simple L 1 (G)-module (T, V) with given ker L 1 (N ) T is completely characterized by a continuous character on L 1 (R n , ω). Conversely every such character on L 1 (R n , ω) leads to a unique simple L 1 (G)-module (up to equivalence) with given ker L 1 (N ) T . In order to show that every simple L 1 (G)-module is equivalent to a module of the form
, it is then enough to show that every (continuous) character on L 1 (R n , ω) is associated to such a representation. To do this we have to give an estimation of the weight ω using a method developed by Poguntke in ([Po2] ). The equivalence classes of simple L 1 (G)-modules are then completely characterized by the G-orbits of the couple (l, ν), where l ∈ g * and ν is a real linear form on g(l)/g(l) ∩ n satisfying a certain growth condition.
Construction of special irreducible representations.
2.1. For the rest of this paper G = exp g will be a connected, simply connected, solvable exponential Lie group with Lie algebra g. The nil-radical of g will be denoted by n and N = expn will be the corresponding subgroup of G. Take l ∈ g * and write q = l| n ∈ n * . We define the following stabilizers:
Then we decompose the Lie algebra as follows:
Now we choose
i.e., X is a dual space of Y with respect to l. This is possible because {Z ∈ w | l, [Z, w] ≡ 0} = {0}. As a matter of fact, w ⊕ n(q) modulo ker(q| n(q) ) is a Heisenberg algebra. We write
2.3. Polarizations. First let us choose p 0 a g(q)-invariant polarization of q in n (for example a Vergne polarization). Then p = Y⊕p 0 ⊕u is a Pukanszky polarization of l in g. Moreover p 0 = p ∩ n. For the rest of this paper we shall stick to these polarizations. We write P 0 = exp p 0 , P = exp p.
Jordan-Hölder decomposition.
Let
be a Jordan-Hölder sequence for the action of g(q) + n on n. Let
We write p j = p 0 + n i j , for j = 1, . . . m, and p m+1 = p 0 . Obviously
Special representations. Let's write
Consider the following decomposition of G :
to be the completion, for the norm · p given below, of the space of all functions ξ : V · X · N · P → C continuous with compact support mod P, 
Let L p (G/P, χ l ) = H l,p,p be the space we get by completion. On this space we want to define a representation by isometric operators given essentially by left translation. This representation will be of the form
where the modular function ∆ − 1 p has to be defined in order to get isometric operators on H l,p,p . It is easy to check that
if we use the notation λ j (·) = ad p j /p j+1 (·). For p = 2 = (2, . . . , 2) we have 
on the dense subspace of all continuous functions of L p (G/P, χ l ) with compact support in G/P, or, more generally, on the generalized Schwartz space ES(G/P, χ l ) (see (2.7.) for the precise definition of this space).
Remarks. a) As G(l) ⊂ P and as ∆
There is a relation between the Haar measures on G, P and the measure on
we get a Haar measure on G by
where we use the Haar measure on P 0 and the Lebesgue measures on v, X, Y, u, v j . The Haar measure on P is given by P f (p)dp =
We check that
The ES-spaces.
Let the polarizations be chosen as in (2.3.). Let
. . , A j } be a coexponential basis for p 0 in n, which has for instance been chosen in the subspaces
We proceed similarly for a function defined on G/P. This allows us to give the following definition:
for all α, α ≥ 0, for all polynomials R and R , for all derivation operators ∂, if |b| and |b | denote the euclidean norm on R k . (3) The same conditions as in (2) are required for all partial Fourier transforms of F in b and b . b) The space ES(G/P, χ l ) is defined similarly (see [Lu] ).
Remark. The previous spaces are independent of the choice of the coexponential bases. They also contain real analytic functions which, therefore, may be extended to functions with complex variables ( [LeLu] ).
Let B 3 = {C 1 , . . . , C i } be a coexponential basis for n in g. We may choose the elements of B 3 in a nilpotent subalgebra Q of g such that g = Q + n. Let B 4 = {D 1 , . . . , D g } be a Jordan-Hölder basis for n. For a function f defined on G, we define f on R i × R g as previously. We then define:
for every α ≥ 0, for every polynomial R, for all derivation operators ∂, if |c| denotes the euclidean norm on R i .
Remarks.
a) The space ES(G) is independent of the choice of the bases. It is dense in
is in the image of the map that sends every f ∈ L 1 (G) to the kernel function of the operator π l (f ) ( [LeLu] , [Lu] ). Similarly for π l,p,p (f ) instead of π l thanks to the following ob-
As in ([Wa]) we can prove the following theorem, using c):
3. Analysis of an arbitrary simple L 1 (G)-module.
3.1.
In this chapter we shall use the methods of Poguntke ([Po1], [Po2]) which have been used and modified in ([LuMo2] ) in order to study the topologically irreducible representations. As a matter of fact most of the analysis of ( [LuMo2] ) remains true in the situation of simple L 1 (G)-modules. Therefore we shall give no proofs in this chapter and just recall the main results of ( [LuMo2] ) and ([Po2] ).
T for the kernel of the corresponding representation of L 1 (N ). Then there exist τ ∈N and q ∈ n * , p 0 a polarization of q in n and P 0 = exp p 0 , such that
The kernel ker L 1 (N ) T is completely determined by the G-orbit G · τ .
Corresponding unitary representations.
The aim of this section is to introduce the largest subgroup H on which it is possible, in a certain sense, to work with a unitary representation. Let l ∈ g * be such that l| n = q. Using the same decompositions as in (2.1.), we define
Notice that the corresponding character ∆ 1 p is the same as for π l,p,p . For p = 2 = (2, . . . , 2) we simply write γ = γ 2 = γ 2 . For every extension l of r to g, the representation γ p may be extended to a representation γ l,p of G in the following way:
For p = 2 we simply write γ l instead of γ l,2 . It is easy to check that γ l,p is a well-defined representation that is equivalent to π l,p,p . Hence γ p may also be viewed as the restriction of π l,p,p to the subgroup H. One may check that different extensions r and r of q ∈ n * to h give the same representation γ p (up to equivalence), whereas different extensions l and l of r ∈ h * to g lead to representations γ l,p and γ l ,p that differ by the unitary character χ l−l on U. One defines of course the spaces ES(H), ES(H/P 1 , χ r ), ES(H/P 1 × H/P 1 , χ r ) and one has the equivalent of (2.7.3.) for the representations γ p . Take λ ∈ ES(H/P 1 , χ r ) such that λ, λ = 1 and let p λ ∈ L 1 (H) be an element such that the kernel of the operator γ(p λ ) is the projector P λ,λ , i.e., such that 
In particular, T (p λ ) = 0 and W = T (p λ )U = {0}.
Some quotient algebras.
Thanks to the decomposition g = u ⊕ h with u ⊂ g(l), we put U = exp u and we may identify the sets U and G) are isomorphic and isometric (see [Po2] and [LuMo2] ). Notice that the latter algebra is completely determined by the initial representation (T, U).
for almost all u ∈ U and almost all h ∈ H. It is then easy to check that
We recall that π = π l,p,2 = ind G P χ l , that γ = ind H P 1 χ r and that the extension γ l is equivalent to π. One has the following formulas:
is one dimensional for every fixed x ∈ G and it has v l (x) as a basis.
On the other hand, it is easy to check that
If we apply the representation γ p instead of γ, the formulas are more complicated. As ker
In order to compute the exact value of γ l,p (v λ,l (x)), we have to introduce a more precise decomposition of the Lie algebra g (see (5.)). 
Definition of v(x)
Let l 0 ∈ g * be a fixed extension of r. We have LuMo2] ) the function ω is a symmetric weight function on G, which is constant on the classes modulo H. Notice that ω is independent of the choice of the fixed linear form l 0 used to define v. Moreover, ω may be considered as a function on (G) and every x ∈ G, we may consider a similar action on
for every f ∈ L 1 (U, L 1 (H)/ ker γ). As a matter of fact,
Of course the same argument is valid for every function f ∈ L 1 (G) and every
Remarks. a) Notice that the function h given by
is independent of the choice of l such that l| h = r is fixed.
the function h defined by the previous formulas may be considered as a function on all of G(l).

It is then constant on the classes of G(l) modulo G(l) ∩ N . Hence we may consider h as a function in L
, where G(l) just depends on l| n = q. In particular, h is independent of the choice of the supplementary space u in g(l). c) If we take another l 0 ∈ g * having the same restriction to h and another v(x) = v λ,l 0 (x) mod ker γ, then the h functions are all multiplied by the same unitary character χ such that χ|
are * -isomorphic. The resulting weights are equivalent. In fact, take s λ,µ ∈ L 1 (H) and s = s λ,µ mod ker γ such that γ(s λ,µ ) = P λ,µ . Then the map
is the corresponding * -isomorphism. Moreover the different λ, µ ∈ ES(H/P 1 , χ r ) together with the corresponding * -isomorphism lead to the same function h, for given functions f and f . The algebra
e) The algebra
).
Relation with the simple L
Then we construct H ⊂ G and γ ∈Ĥ as explained previously. To characterize completely (T, U) with a given ker T , it is of course enough to study the algebraically irreducible representations of
is abelian and its simple modules coincide with the characters of L 1 (R n , ω) .
ker γ) and if (S, U) is a simple A-module, this means that the subspace V = S(p)U is one-dimensional. So there exists a character
On the other hand, for a given (T, U), let q ∈ n * be as in (3.2.). We want to show that (T, U) is equivalent to π 0 l,p,p for some l, p, p such that
l,p,p with l| n = q it is therefore enough to show that the corresponding characters on L 1 (R n , ω) coincide for some p. To do this we first have to study the weight ω.
Hence the character of
by (3.5.). In order to conclude, we need to know γ p (p λ ). This computation requires a more precise decomposition of the Lie algebra g and will be done in (5.6.1.). We shall see that the character corresponding to
4. Characters of L 1 (R n , ω).
Let's fix x = exp X ∈ U ⊂ G(l) and let's study the growth of ω(exp tX)
for t ∈ R and X fixed. Take λ, p λ , v λ , v as in (3.3.) and (3.5.). Recall that 
Proposition 4.2. Let χ be a continuous character on
Let's write χ(exp X) = e ρ(X) with ρ a complex linear form on U ≡ R n . Then |χ(exp X)| = e Reρ(X) , ∀X ∈ U. Assume that there is X 0 ∈ U such that Reρ(X 0 ) > 0 (otherwise, change X 0 to −X 0 ) and such that
for all t ∈ R * . As this is impossible, we have that
for all X ∈ U.
Characterization of all the simple modules.
We proceed now as written in (3.6.).
Identification of H
a) We use the decompositions and notations introduced in (2.1.) to (2.5.) and in (3.
3.). Recall in particular that
Let's write δ
Then it is easy to see that the map S p :
with q(x, x ) ∈ N (q) ⊂ P 0 and χ r (q(x, x )) = 1. Hence
and we may identify L 2 (X ) with L 2 (X) where X = exp X as before. Moreover
and we may consider S p ξ as a function on (K/P 0 ) × X. Similarly we shall consider
an ES-space with decay conditions as in (2.7.1.).
Equivalent representations. Let
and (γ l,p , L p (H/P 1 , χ r )) are equivalent by construction.
Kernel of κ p (f ). The kernel of the operator
, is given by the following computations:
)dp 0 dkdxdy,
where the kernel of
Hence the representations ρ p and ρ 2 are given by the same formulas (but act on different spaces). 
Behavior of projectors.
One checks that α, β = S p α, S q β . Hence, if γ p (f ) is the projector P α,β , then κ p (f ) is the projector P S p α,S q β . Conversely, every projector κ p (f ) = P α ,β , with α , β ∈ ES(K/P 0 , χ r )⊗ES(X ), comes from a projector γ p (f ) = P α,β where
. Similarly for β and β . 5.5. Choice of a particular p λ . Let µ be an arbitrary function in
and define λ ∈ ES(H/P 1 , χ r ) by the formulas
One checks that
where the last equalities are due to (5.4.). Moreover,
In order to construct the function p λ ∈ L 1 (H) that will give us the projectors associated to λ, let's put [logy,logu] · e i r,logy · ∆ 1 2 (y)du, ∀x ∈ X , ∀y ∈ Y, 
in ES(X ) ≡ ES(X).
Hence it admits an extension to a complex-valued analytic function on X C which we shall also denote by ν. We compute
) (see proof of (4.2.)). See (4.1.) for the last assertion.
5.7.
Characterization of an arbitrary simple L 1 (G)-module.
Proposition 5.7.1. Let S 1 and S 2 be the following subsets of
Proof. Notice first that the linear form
is constant on the classes modulo g(l) ∩ n and may hence be considered as a linear form on g(l)/g(l) ∩ n. The sets S 1 and S 2 are closed convex subsets of (R n ) * such that S 1 ⊂ S 2 . Assume there exists ρ ∈ S 2 \S 1 . By the HahnBanach theorem there is X 0 ∈ R n ≡ u and α ∈ R such that s 1 (X 0 ) < α < ρ(X 0 ), ∀s 1 ∈ S 1 . Let's then choose
which contradicts the fact that ρ ∈ S 2 .
Corollary 5.7.2. Let χ be a continuous character on
and such that
Proof. We may write χ(exp X) = e −iρ 1 (X) · e ρ 2 (X) with ρ 1 , ρ 2 ∈ (R n ) * ≡ u * ≡ (g(l)/g(l) ∩ n) * . By (4.2.) and (5.6.1.) ρ 2 ∈ S 2 = S 1 and hence there is a multi
We may then choose l ∈ g * such that l | h = l| h and such that l − l 0 = ρ 1 on u.
Theorem 5.7.3.
on u and hence on g(l), i.e., if the corresponding linear forms ν ∈ (g(l)/g(l) ∩ n) * are the same.
Proof. By (3.6.) and (5.7.2.).
Remarks.
a) One can show that up to equivalence the representations π 0 l,p,p are independent of the choice of the polarization p. b) Let's write G for the space of the equivalence classes of simple L 1 (G)-modules. Let's write g * for the collection of all pairs (l, ν) with l ∈ g * , ν ∈ (g(l)/g(l) ∩ n) * such that |ν(X)| ≤ 1 2 m j=1 |trλ j (X)|, ∀X ∈ g(l). The group G acts on g * by conjugation. Let g * /G be the set of all equivalence classes for this action.
We then get our final theorem:
Theorem 5.7.5. There is a bijection between g * /G and G.
Final remarks.
As it was already pointed out in the introduction, the algebraically simple L 1 (G)-modules for a solvable exponential Lie group are essentially obtained in the same way as in the case of the nilpotent groups, except that one has to generalize the induced representations. This is no longer true for topologically irreducible representations, as it was shown in ( [LuMo2] ). Two major differences exist. Usually there are a lot of extensions of a topologically irreducible representation of the subalgebra p * L 1 (G/H, L 1 (H)/ ker γ) * p to a topologically irreducible representation of the algebra L 1 (G/H,L 1 (H)/ker γ), whereas this extension is unique in the algebraic case. These different extensions are characterized by different extension norms. But the main difference arises from the irreducible representations of L 1 (R n , ω). These representations coincide with the characters in the algebraic case. In the topological case there are a lot of irreducible inifinite dimensional representations of L 1 (R n , ω) if the weight ω is exponential, which happens if and only if the group G is nonsymmetric. The corresponding representations of L 1 (G) are fundamentally different from induced representations. The construction of such representations is linked to the invariant subspace problem, as it was shown in ( [LuMo2] 
